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Abstract

The representation of knowledge for a
mathematical proof assistant is gener-
ally used exclusively for the purpose of
proving theorems. Aiming at a broader
scope, we examine the use of mathemat-
ical knowledge in a mathematical tutor-
ing system with flexible natural language
dialog. Based on an analysis of a cor-
pus of dialogs we collected with a simu-
lated tutoring system for teaching proofs
in naive set theory, we identify several in-
teresting problems which lead to require-
ments for mathematical knowledge rep-
resentation. This includes resolving ref-
erence between natural language expres-
sions and mathematical formulas, deter-
mining the semantic role of mathemati-
cal formulas in context, and determining
the contribution of inference steps speci-
fied by the user.

1 Introduction

In a mathematical proof assistant (MPA), knowl-
edge representation (if any) is used for the purpose
of proving theorems. State-of-the-art MPAS such as
CoQ, NUPRL, MIZAR, ISABELLE-HOL, Pvsand
QOMEGA usually provide a combination of proof
automation and facilities for user interaction and
most of them are connected to a structured math-
ematical knowledge base. In spite of their com-
mon purpose (proving theorems), the heterogene-
ity of MPAs (they are based on different logics,
calculi, semantics, representations of proofs, etc.)
poses a challenge for the communication of mathe-
matical knowledge between them, and most impor-
tantly, a common ontology and semantics are miss-
ing. Some of these issues are currently investigated
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in the Mathematical Knowledge Management re-
search initiative [4]. However, appropriate knowl-
edge representation in MPASs to support the search
for a proof is only one of the issues to be addressed
in the future of computer-aided mathematics, and
in computer-aided mathematical education in par-
ticular.

Among the challenges involved in human-
oriented automated proving is the coupling of
MPAs with natural language processing. This in
turn gives rise to additional requirements on knowl-
edge representation. For example, it has been
shown in [9] that the mathematical domain repre-
sentation as used for proof search and proof plan-
ning is not sufficient for the purpose of proof pre-
sentation. Some methods for more natural ref-
erences to rules have been demonstrated in [16].
In this paper, we present further requirements
on mathematical knowledge representation for the
purpose of handling flexible natural language dia-
log in a mathematical tutoring system. Our discus-
sion is based on data we collected through experi-
ments with a simulated tutoring dialog system for
teaching proofs in naive set theory.

Some state-of-the-art tutorial systems allow lim-
ited dialog, where the input is either menu-based or
requires exact wording [24; 2; 13]. This contrasts
with Moore’s empirical findings showing that flexi-
ble natural language dialog is needed to support ac-
tive learning [23]. The latter approach is taken for
example in the CIRcSIM-Tutor project [22] which
aims to build a natural language-based tutoring sys-
tem for first-year medical students to learn about
the reflex control of blood pressure.

The goal of our project is to develop a mathemat-
ical tutoring system with flexible natural language
dialog to support mathematical problem solving.
We employ a modular approach keeping a strict
separation between the different kinds of knowl-
edge involved in the processing. The design of the
system components is informed by the analysis of
a corpus of tutorial dialog data we collected in an
experiment.

The outline of this paper is as follows. We first



present the aims of our project, illustrate the current
application scenario and motivate the choice of the
mathematical domain. The modeling of static and
dynamic knowledge within this domain is our first
contribution. Next, we describe an experiment in
which we collected a corpus of natural language tu-
torial dialogs in the chosen mathematical domain.
On the basis of the analysis of our corpus we then
present the key requirements and challenges for the
representation of mathematical knowledge and the
design of a mathematical reasoning tool.

2 TheDIALOG Project

The goal of the DIALOG project! [25] is (i) to em-
pirically investigate the use of flexible natural lan-
guage dialog in tutoring mathematics, and (ii) to
develop an experimental prototype system gradu-
ally embodying the empirical findings. The ex-
perimental system will engage in a dialog in writ-
ten natural language (and later also in multimodal
forms of communication based on diagrams, spo-
ken language and animated mathematical function
displays) to help a student understand and construct
mathematical proofs. The overall scenario for the
system is illustrated in Figure 1. We describe its
components below.

Learning Environment In our scenario, the stu-
dent takes an interactive course in some field of
mathematics within a web-based learning environ-
ment. We use ACTIVEMATH [19; 21], a generic
web-based learning system that dynamically gener-
ates interactive (mathematical) courses adapted to
the student’s goals, preferences, capabilities, and
knowledge. It enables a student to select the ma-
terial he/she wants to study and to review his/her
knowledge about the subject matter. After finishing
a learning unit the student may opt for an interac-
tive exercise session to actively apply what he/she
has learned. It is primarily the interactive exercises
that we aim to enrich with the possibility of flexi-
ble tutoring dialog using natural language. The fea-
tures of ACTIVEMATH include: user modeling and
monitoring facilities; user-adapted content selec-
tion, sequencing, and presentation; support of ac-
tive and exploratory learning by external tools; use
of (mathematical) problem solving methods, and
re-usability of the encoded content as well as inter-
operability between systems. ACTIVEMATH main-
tains a dynamically updated student model (SM)
containing information about the axioms, defini-
tions, theorems (hence the assertions) and the proof
techniques the student has studied and mastered so

1The DIALOG project is part of the Collaborative Re-
search Center on Resource-Adaptive Cognitive Processes
(SFB 378) at University of the Saarland [26].

far.2 This information will be used also by the tu-
toring dialog system. In addition, we also assume
an idealized student model (ISM) set up by the au-
thor of the learning unit, which specifies the mathe-
matical material a student ideally should know after
studying the unit.

Mathematical Proof Assistant The MPA is used
for the problem-solving in the mathematical do-
main underlying the dialogs. This involves the veri-
fication (or falsification) of user specified inference
steps and checking whether the application of an
inference step leads to a proof state from which a
complete proof can be obtained. Mathematical tu-
torial dialogs thus require (i) stepwise interactive
as well as (ii) automated proof construction at a
human-oriented level of abstraction. Ideally, these
are provided by the MPA.

In addition, it should be possible to control the
proof strategy used by the MPA (depending on the
target of the tutorial session), and the proof(s) con-
structed by the MPA should only exploit the math-
ematical knowledge that the student possesses, that
is, it should be possible to control the mathematical
knowledge used in the proof(s) in accordance to the
respective SM and ISM.

The OQMEGA system [29] with its advanced proof
presentation and proof planning facilities provides
an adequate starting point for integrating an MPA
in our scenario.

Proof Manager In the course of the interactive
tutorial session, the user may explore alternative
proofs, or make various attempts at constructing
a valid proof, involving both valid and invalid in-
ference steps. In addition, tutoring may require
the possibility to compare the problem-solving at-
tempts made by the user with target “master”
proofs. The student’s problem-solving attempts
with respect to the proof space need to be moni-
tored for the sake of managing the dialog flow. It
is the task of the proof manager in our scenario to
provide this interface and additional book-keeping
between the MPA and the dialog manager.

Dialog Manager When the student enters a tu-
torial dialog session, the interaction is handled by
the dialog manager. We employ the Information-
State (IS) Update approach to dialog management
developed in the TRINDI and SIRIDUS projects [28;
27]. The IS is a centrally maintained data structure
which contains a representation of the information
accumulated as the dialog progresses, including (i)

2ACTIVEMATH keeps track of what material the stu-
dent has studied and for how long [20]. It also lets the
student skip material he is confident to know well al-
ready.
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Figure 1: DIALOG project scenario.

“private” information of the system, and (ii) the in-
formation considered to be “shared” between the
system and the user. A dialog is modeled as a se-
quence of dialog moves each of which is a tran-
sition from one information state to the next one.
The system interprets each user’s utterance with re-
spect to the current IS, and then computes a transi-
tion to a new IS. When it is the system’s turn, the
next move is selected according to the IS at that
point, the corresponding utterance is produced, and
again the IS is updated. The dialog manager relies
on the input analysis and output generation mod-
ules to exchange data between the user and the sys-
tem; it further relies on the proof-manager to moni-
tor the mathematical problem-solving and to access
the MPA.

Knowledge Resources The static knowledge in
our scenario comprises linguistic resources, dialog
resources, pedagogical knowledge, and mathe-
matical knowledge. The dynamic knowledge in-
cludes the SM and ISM mentioned above, as well
as the information state maintained by the dialog
manager.

The linguistic resources include the grammar
and the lexicon used for analyzing the natural lan-
guage input and generating the output. We combine
the use of generic, domain independent resources
with resources specific to the particular area of
mathematics being taught.

The static dialog resources include (i) dialog
move selection rules (i.e., rules that determine what
dialog move the system will make next, given
the current information state and a communicative
goal), and (ii) dialog information-state update rules
(i.e., rules that dynamically change the informa-
tion state depending on the dialog moves the user
or the system have successfully made). We dis-
tinguish between domain independent, generic di-
alog moves, such as meta-communication moves
(used for, e.g., clarification and correction), and
domain-specific ones, such as various kinds of hint-
ing moves [11; 31], which may be further special-
ized for tutoring in the matematics domain.

The pedagogical knowledge specifies generic
and domain-specific teaching strategies. This in-
cludes the specification of the didactic versus so-
cratic teaching methods. Also the hinting dialog
moves mentioned above are derived from the ped-
agogical knowledge.

Finally, the static mathematical knowledge con-
sists of assertions (i.e., axioms, lemmata, theo-
rems), domain dependent proof rules and meth-
ods, corresponding diagrammatic illustrations as
well as selected completed master proofs. This
mathematical knowledge is typically highly struc-
tured into mathematical sub-domains and it usually
forms a dependency/inheritance graph. Examples
of systems maintaining structured corpora of for-
malized mathematics are MIZAR with its math-



ematical library [5], NuPrl’s knowledge base [3]
and the MBase system [18], which is the system
of choice in our project. An essential requirement
in our scenario is that the mathematical knowl-
edge is shared between the learning environment,
the DIALOG system, and the mathematical assis-
tant. One problem in many current proof systems
is to guarantee consistent handling and data flow
between the declarative and the procedural view of
assertions. In [32], we suggest a solution that uses
declarative entries in the mathematical knowledge
base to automatically generate all potential proce-
dural views from these declarative entries for each
given proof context.

We already mentioned that there may be a lim-
ited number of fixed master proofs for the proof
exercises to be employed in guiding the tutorial
session. These can be statically maintained in the
mathematical knowledge base. Generally, how-
ever, there are infinitely many variants of proofs for
a mathematical theorem and a significant number
of these proofs is acceptable for being tutored rel-
ative to the knowledge and capabilities of the stu-
dent. We therefore couple the static modeling of a
well chosen set of master proofs with the dynam-
ical verification of single inference steps and the
dynamic generation of proofs by the MPA.

The SM (and the ISM) refer to the mathemati-
cal knowledge base in the sense that they maintain,
for each student, a view on this knowledge base,
separating the known from the unknown content.
An additional teacher model could provide infor-
mation such as a specification of the dominant and
the subdominant mathematical concepts of a learn-
ing unit. Note that the structure imposed by the
latter information is likely to differ from the hierar-
chical structure of the knowledge base itself [30].

Our Current Domain of Choice: Naive Set The-
ory For the first phase of the project we chose
naive set theory as the mathematical domain of in-
terest. We integrated a course on naive set theory
into ACTIVEMATH. Basic notions (e.g., set) and
definitions (e.g., subset), or set operations, (e.g.,
union, intersection, set complement, power set) are
structurally represented in this course. Typical ex-
amples are presented after each definition, for the
student to get a good intuition about the more ab-
stract concepts. Students are also exposed to Venn
diagrams which provide an intuitive understanding
of set operations. Throughout the course, the stu-
dent is continuously introduced to the more impor-
tant properties of this domain, for example, laws
of commutativity, associativity, distributivity, or
de Morgan laws.

The Naive Set Theory domain has several ad-
vantages: (i) The problems in this domain are al-
most always automatically provable [6; 7]. (ii) The

domain is not too complex for the intended users
(i.e., first year students). (iii) Simple problems are
typically even decidable, so that wrong proof steps
can be detected by the generation of counterexam-
ples with a model generator [6]. (iv) The domain
provides interesting opportunities for multi-modal
interaction using the Venn and Spider diagrams.®
(Sound and complete inference systems exist for
the representation layer of Spider diagrams; cf. [14]
and the references therein.)

The disadvantages of this domain are: (i) Its
modeling is built directly on predicate logic with-
out higher-level concepts and fields of mathematics
on many intermediate layers between the base logic
and the domain itself. Hence, there are no hier-
archical dependencies on other mathematical sub-
domains, such as real numbers, continuous func-
tions, Abelian groups, etc. (ii) Consequently, the
hierarchical expansion depth of proof plans and
proofs is also relatively low. Although this raised
some initial doubts about the suitability the naive
set theory domain, the experiment described in
the next section revealed that even such a rela-
tively simple mathematical domain has sufficient
complexity to allow meaningful tutorial dialog ses-
sions. We shall, however, also consider more com-
plex mathematical domains in future experiments.

3 Empirical Study

We conducted a Wizard-of-Oz (WOz) experiment in
order to collect a corpus of tutorial dialogs in the
naive set theory domain. We implemented a tool to
support the experiment and collect the dialog data
on-line [10].

In a WOz experiment, the subject interacts
through an interface with a human “wizard” sim-
ulating the behavior of a system [8]. The WOz
methodology is commonly used to investigate
human-computer interaction in systems under de-
velopment. One of the reasons for using a WOz set-
ting rather than a human tutor is that it has been ob-
served that humans interact differently with com-
puters than with other humans. Another reason
is that the tutor should follow the specific algo-
rithm(s), which we are implementing in our sys-
tem. In this way the dialog data we collect (i) rep-
resents the users’ behavior in interactions follow-
ing these algorithms and (ii) provides early feed-
back on the algorithms. In subsequent experiments
in the project, implemented components can sub-
stitute for some of the tasks now carried out by the
wizard, while preserving the overall experimental
setup.

We invited 24 subjects to participate in the ex-
periment. They were students with educational

3These aspects are, however, not subject of this paper
and will be considered in later experiments.
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Figure 2: Declarative, procedural, and diagrammatic knowledge in the domain of naive set theory.

background in humanities (e.g., law, economy;, var-
ious languages, psychology) or sciences (e.g., bi-
ology, chemistry, computer science, computational
linguistics). Their prior mathematical knowledge
ranged from little to fair.

For each subject, the experiment consisted of the
following phases (each of which had a fixed maxi-
mum duration): (1) Preparation and pre-test: First,
the subject filled in a background questionnaire.
Then he/she studied written lesson material, ex-
plaining basic concepts and providing a collection
of six lemmata about properties of sets and eleven
lemmata about properties of powersets.. Finally
he/she was asked to prove (on paper) the theorem
K(A) € P(K(AN B)). (2) Tutoring session: The
subject was asked to evaluate a tutoring system
with natural language dialog capabilities. He/She
was given three theorems to prove: The theorem
K((A U B) n (Cu D)) = (K(A) N K(B)) U (K(C)
N K(D)) was used first to let the subject familiarize
himself/herself with the system’s interface. Then
two more complex theorems were presented (in dif-
ferent order to different subjects): (a) AN B € P((A
U C)n (B uUC)) (b) Wenn A C K(B), dann B
C K(A). The interface enabled the subject to type
text or insert mathematical symbols by clicking on
buttons; it also displayed the complete dialog with
both the tutor’s and the subject’s utterances. The
subject was instructed to enter partial steps of a
proof rather than the complete proof as a whole,
in order to enable a dialog with the system. (3)
Post-test and evaluation questionnaire: The sub-
ject was asked to write down (on paper) a proof for

“In the first experiment the lesson material was still
presented on paper, not through the ACTIVEMATH sys-
tem.

one more theorem.®> To conclude the experiment,
he/she was asked to fill in a questionnaire address-
ing various aspects of the system and its usability.

The tutor-wizard’s task was to respond to the stu-
dent’s utterances following a given algorithm. The
wizard first classified the completeness, accuracy,
and relevance of the subject’s utterance with re-
spect to a valid proof of the theorem at hand. Then,
the wizard decided what dialog moves to make next
and verbalized them. Depending on the tutoring
strategy employed by the wizard for a given sub-
ject, the dialog move options included informing
the subject about completeness, accuracy, and rele-
vance of the utterance, giving hints on how to pro-
ceed further, explaining a step under consideration,
prompting for the next step, or entering into a clar-
ification dialog. The wizard was free to mix text
with formulas [11].

4 A Préiminary Analysisof the Test
Dialogs

In this section, we examine the issues involved in
the natural language analysis of the dialog utter-
ances containing mathematical expressions and the
role of mathematical domain knowledge. Exam-
ples of dialog utterances that illustrate the phenom-
ena addressed by the analysis below are shown
in Figure 3 (the original German versions of ut-
terances are presented together with their English
translation).

We have identified the following three major as-
pects of the domain-specific knowledge analysis:

The comparison of the student’s performance of the
pre-test and post- test proofs serve to evaluate their learn-
ing gain from the tutoring session.



(1) Potenzmenge enth’alt alle Teilmengen, also auch (A N B)
A power set contains all subsets, hence also (A N B)

(2) K((AuB)N(CUuD))=K(AUB)UK(CUD)
de Morgan Regel 2 auf beide Komplemente angewendet
de Morgan rule 2 applied to both complements

(3) de Morgan Regel 1 giltauch f'ir K (CUD) de Morgan Regel 2 besagt K(ANB) = K(A)UK (B).
In diesem Fall z.B. K(A) = dem Begriff K(A U B) und K (B) = dem Begriff K(C U D). Deshalb
istdann K((AUu B)N(C U D)) = (K(A)NK(B))U (K(C) N K(D))

de Morgan rule 1 also holds for K(C U D) de Morgan rule2 means K(AN B) = K(A) U
K(B). Inthiscase eg. K(A) = theterm K(A U B) and K(B) = theterm K(C U D).
Therefore K((AU B) N (CU D) = (K(A) N K(B)) U (K(C)n K(D))

References

(4) (AUB)muB in P((AUC) N (BUC))sein, da(ANB) € (ANB)UC
(AU B) must bein P((AUC) N (BUC)), since (AN B) € (ANB)UC

(5) (BUA)) C C(BUA)) C D. Wenn A Teilmenge von C und B Teilmenge von C dann
m’ussen beide Mengen zusammen ebenfalls eine Teilmenge von C sein. Gleiches gilt mit D
K(C NnD)UK(An B) Anwendung der de Morgan Regeln. (BU A)) C C (BU A)) C D.

If Aisasubset of C and B a subset of C, then both sets together must also be a subset of C.
Thesame holdsfor D. K(C N D)U K (AN B) applying thede Morganrules. (BUA)) C C
(BUA))CD.

(6) Ae P(AUC),Be P(BUC) AUBe P(AUC)N(BUCQC)

(7) P(ANnB),P(C) CP((ANB)UC)

(8) Als n"achstes stelle ich die rechte Seite unter Anwendung der Eigenschaften von Mengenoperatio-
nen so um, daB P(A N B) vereinigt mit einer anderen Menge herauskommt.

Next, | will recast the right side by applying properties of set operations in such a way that this
resultsin P(A N B) union some other set

(9) Zerlegen der Potenzmenge: P((AUC)N(BUC)) = P(AUC)NP(BUCQC)
Splitting the power set: P((AUC)N (BUC)) = P(AUC)NP(BUC)
Tutor: Das ist richtig.
Tutor: That is correct.
Anwenden der Distributivit'at: P((AUC)N (BUC)) = P(CU (AN B))
Applying distributivity: P((AUC)N (BUC)) = P(CU (AN B))
Tutor: Ist das noch derselbe L 6sungsweg wie in der vorigen Antwort?
Tutor: Isthis till the same solution path asin the previous response?
Nein, ich habe mich umentschieden. Ich zerlege jetzt die Potenzmenge P(C U (AN B)) 2
P(C)UP(ANB)

No, | have changed my mind. | am now splitting the power set: P(C U (AN B)) 2 P(C)U
P(ANB)

Formal expressions

Inference steps

Figure 3: Examples of dialog utterances. The predicates P and K stand for power set and complement,
respectively.



(1) Identification and resolution of natural language
references to terms and concepts of the domain; (2)
Semantic role of formal expressions (mostly for-
mulas) in the current dialogue; (3) Evaluation of
the inference step(s) proposed by the student with
respect to the considered master proof(s).

Unlike the third issue, which is specific to our
domain of application: mathematical proofs, the
first two issues are more generally applicable to
analysis of natural language in the context of math-
ematics. We consider these issues in turn.

4.1 Referencesin Natural Language
Expressions

Interacting with the system students should be able
to input both natural language text and formal
mathematical expressions. In order to build appro-
priate semantics, it is essential to establish refer-
ences between the formal domain concepts in the
mathematical data base, the symbols in the formu-
las, and the corresponding natural language expres-
sions. In particular, natural language descriptions
may refer to several kinds of domain concepts (in
the following, numbers refer to the example utter-
ances in Figure 3):

e Domain objects have known denominations,
which are frequently referred to within text
chunks, e.g., “power set” as a natural lan-
guage expression has the same denotation as
the predicate P in a formal expression about
sets. An expression may be ambiguous be-
tween generic reference to a domain object as
a type vs. specific reference to a particular in-
stance (or: token) of that type. Generic and
specific references may even appear within
the same utterance (cf. (1), where “Potenz-
menge” (powerset) is used as a generic refer-
ence, whereas A N B is a specific reference
to a subset of a specific instance of the power
set).

Sometimes, the scope of reference is deter-
mined jointly by a natural language expres-
sion and a mathematical formula. For exam-
ple, in (2), the right-hand side of the equation
clarifies the scope for anchoring the referring
expression “both complements”.

e Domain relations comprise propositional
logic junctors, logical derivation, and justifi-
cations. The interpretation of descriptions in
which these relations appear is problematic
because of, inter alia, ambiguities concerning
scope. For instance, “A and B implies C”
has two structurally different interpretations;
(7) is an aggregated (or: abbreviated) descrip-
tion of two subset relations where the subsets
share a common superset. Similarly, in (6),
the comma is meant to be interpreted as logi-

cal “and” followed by the expression that con-
stitutes the logical consequence. The natural
language connective “and” itself poses ambi-
guities in that it may mean a “logical and”
as well as a consequent of a “logical deriva-
tion”.6

Another issue concerns reference to mathe-
matical relations which may be imprecise in
the sense that the natural language formula-
tion fits several relations (e.g., within the do-
main of mathematical sets, “must be in” in (4)
can be interpreted as “element” or “subset”;
and “both sets together” in (5) as union or in-
tersection).

e Variables appear, ideally, in an identical form
within the text and the formulas. However,
ambiguities arise here as well, since an identi-
fier in the text may refer to variables in differ-
ent formulas (e.g., A may refer to a variable
used in an axiom or to a variable in an expres-
sion instantiating that axiom, as in (3)). From
an interpretation point of view, this means that
an identifier of a variable should be treated as
a referring expression, similar to a nominal
group. In cases where there are two occur-
rences of the same identifier (form), whether
they co-refer or not should be resolved (e.g.,
in (3), the two occurrences of A in “K(A) =
the term K (A U B)” do not co-refer).

e Domain rules (axioms) are associated with
known denominations, similarly to domain
objects as discussed above. Problems of am-
biguity arise here due to duality (e.g., distribu-
tivity) or due to imprecision in formulation
(e.g., “de Morgan rules” in (5)).

e Descriptions of domain operations, such as
application of an inference rule, are often de-
scribed informally (e.g., “to split” an expres-
sion asin (9)). A challenge for the natural lan-
guage analysis lies in the large number of un-
expected synonyms, especially uncommon in
mathematical usage, where some of them have
a metaphoric flavor.

As expected, the most prominent problems han-
dling references to domain concepts are the many
forms of ambiguities. We need to investigate how
the proof state contributes to resolving these ambi-
guities. In unclear cases, a clarification sub-dialog
can be initiated by the system to prompt the student
to formulate more precise descriptions.

®Students should be advised to avoid such ambigui-
ties in tutoring contexts as far as possible. If they nev-
ertheless occur and are in the focus of the tutoring ses-
sion, the system may ask for clarification. Providing au-
tomated support for disambiguation is an issue in partic-
ular for those ambiguities outside the tutoring focus.



4.2 TheRoleof Formal Expressions

The mathematical formulas within an utterance
may vary according to their contextual embedding.
In most cases, however, the intended meaning is
explicitly indicated in the text. In general, there are
at least the following possibilities (again, numbers
refer to the example utterances in Figure 3):

o References were typically introduced as vari-
ables to refer to subexpressions, in order to
ease multiple references in the text. (e.g., in
(3), K(A) is used as a variable in the de Mor-
gan rule, and is subsequently substituted by
K (AUB) when the rule is applied. The oppo-
site case is also possible, i.e. a simpler expres-
sion can be introduced as a variable to substi-
tute a complex expression).

e Assumptions occured as explicit statements
that the truth of a logical formula was hypo-
thetically assumed.

e Assertions , in the form of mathematical ex-
pressions, may appear without a textual em-
bedding. These expressions may be theorems
or simple corollaries of theorems, or they may
be justified by the context of the current state
of the proof (provided the assertions are cor-
rect). In both cases, their relevance and truth
depends on the current state of the proof.

o Logical consequences are similar to assertions
in that they (implicitly) constitute derivations
and are usually expressed by natural language

phrases such as“follows from”, “implies”, or
simply by “=".

e Descriptions of goal occurred in natural lan-
guage as an abstract form of a formal expres-
sion. They typically served to indicate the pur-
pose of building a new expression from ex-
pressions introduced earlier; see (8).

In all cases, ambiguities may arise when paren-
theses are required in a mathematical formula, but
are omitted or misplaced by the student. Poten-
tially, interpretation may be impossible as a re-
sult. A clarification sub-dialog would be initiated
in such cases to address the syntactically invalid
formula.

4.3 Inference Steps

The major task of a student in our tutorial session
on proving elementary facts of set theory is the
specification of inference steps. The specified in-
ference steps need to be checked and classified in
order for a tutorial strategy to be decided upon. The
classification has two dimensions: (1) correctness
of the inference, and (2) relevance for the proof at
hand.

Correctness of expressions: The first task in
checking a proposed inference step is to verify its

correctness. Students may make mistakes or pro-
duce expressions that are otherwise confused and
thus need to be classified as partially incorrect or
wrong. A particular important issue in dealing with
mistakes is the identification of near misses (as in
the legendary “bridge” cases of Patrick Winston
[33] ). They are treated differently in the tutorial
context than severe errors that show a misconcep-
tion or a complete lack of understanding. We inter-
pret an inference as a “near miss” if the expression
inferred differs from the correct one in a single el-
ement only. The incorrect element may be a vari-
able or a constant; for example, a typing mistake.
It may also be an operator, but the correct operator
and the incorrect one must be conceptually related.
Examples of commonly confused conceptually re-
lated operations in our specific domain include the
use of “=" instead of “C” (too specific relation) or
“€” instead of “C” (sort incompatibility on similar
relations).

Relevance of expressions: For a correct infer-
ence step, its potential contribution to the proof at
hand needs to be determined. In order for an in-
ference to be considered relevant, that is, beneficial
for making progress toward solving the given prob-
lem, it needs to be an inference step in the proof to
be taught. Depending on the previous proof steps,
the student may have committed himself to one or
another proof out of the set of potential solution
paths known to the system. In case an inference
step is incompatible with the prior followed proof
path, the intention of the student to revise his proof
strategy is checked (see utterance (9) in Figure 3).

The granularity of the inference steps suggested
by the students has been at the assertion level (cases
where the partial assertion level [15] becomes rel-
evant never occurred in our experiment). However,
certain “easy” assertion level steps were often com-
bined with other inference rules (e.qg., a step involv-
ing a relatively easy concept of commutativity was
often performed together with some other opera-
tion.) On the other hand, students also produced
more compound inferences which would normally
require a few assertion level steps as in (6) in Fig-
ure 3). In such a cases, the student may be asked
to explain his reasoning in more detail in order to
confirm his understanding.

5 Consequences for logical systems

To adequately support tutorial dialog, the mathe-
matical assistant must be based on a flexible logical
system. The non-standard requirements for such
system comprise: (1) dedicated static knowledge
sources, (2) dynamic handling of domain-specific
information, and (3) non-standard proof handling
capabilities. We consider them in turn.

Static knowledge sour ces



o Representation of domain entities Knowledge
about domain entities needs to be organized
in such a way that not only proof-relevant de-
tails, but also domain-relevant commonalities
are captured. This can be achieved by adding
additional hierarchical and association links
in the representation of mathematical theo-
ries. Hierarchical relations are needed to cap-
ture generalizations, such as “de Morgan rule”
which specializes into the well-known two
variants. Associations can be used to capture
conceptual similarities among relations, such
as “€” and “C”, which students tend to con-
fuse, as the experiments have demonstrated.

e Representation of master proofs There are
typically several ways of proving a theorem—
even for the simple tasks investigated in our
experiments. Conceptually distinct variants of
the master proofs relevant for the tutorial goal
need to be determined a priori.” Moreover, the
master proofs need to be represented in a way
that allows minor variations, for example, a
different order of steps and symmetrical vari-
ants within a single proof representation.

Dynamic handling of information

e Proof status In the course of a tutorial session,
evidence needs to be maintained about the rel-
evance of the set of master proofs in view of
the proof strategy adopted by the student. This
means focusing on a reduced set when the
student has committed himself to a strategy,
as well as keeping track of which steps the
student has already accomplished and which
ones still need to be addressed.

e Discourse memory A major task for tuto-
rial dialogs in natural language is maintaining
evidence about instances of domain entities
which are introduced and later referred to in
the course of a tutorial session. Within the lin-
guistic modules, this information is captured
in a discourse memory (as part of the infor-
mation state maintained by the dialog man-
ager). There exist various models for the
management of entities in the discourse mem-
ory (using a simple ordered list, a stack, or
a cache model). The active part of the dis-
course memory is accessed in the process of
reference resolution. For the tutorial dialogs,
specificities of mathematical formulas need
to be incorporated to complement linguisti-
cally motivated criteria for introducing enti-
ties into the discourse memory. In particu-
lar, the information conveyed in the form of

"By conceptually distinct, we mean application of
different assertions, that is, assertions which are not just
symmetrical variants of one another.

mathematical formulas is cognitively present,
however, not linguistically expressed. As pre-
viously pointed out, accurate identification of
composite subexpressions provides the scope
for interpreting the referring expression “both
complements” in utterance (2).

Proof handling Another central task for a tu-
torial session is the interpretation of student ac-
tions in view of the tutorial goal. In our domain,
this means the interpretation of suggestions for in-
ference steps in view of the focused set of mas-
ter proofs in the given state. Since the inference
step suggested may be ambiguous and inaccurate,
the emphasis is on a preference to resolve ambi-
guities. On the other hand, as part of ensuring
that the student is aware of the correct proof steps,
the tutor must strike a balance between perform-
ing extensive reasoning based on assumed student’s
knowledge, versus initiating a clarification subdia-
log with the student [34].

6 Conclusionsfor Future Research

We presented the overall framework of the DiA-
LOG project which aims at the development of a
mathematical tutoring system with flexible dialog.
We concentrated in particular on the requirements
such application poses on the representation of dif-
ferent kinds of knowledge. We reported on a WOz
experiment in which we collected a corpus of tuto-
rial dialogs with 24 subjects on several problems in
naive set theory. As part of the experiment prepa-
rations, we developed an initial algorithm for se-
lecting the system’s dialog move based on an eval-
uation of the student’s turn and the adopted tutor-
ing strategy [11; 31]. The collected corpus let us
evaluati these preliminary specifications and fur-
ther develop them. The analysis of the dialogs also
revealed that even a relatively simple mathemati-
cal domain has sufficient complexity for meaning-
ful tutorial dialog sessions. In future experiments,
we will extend this methodology to more complex
mathematical domains which can be expected to
lead to more complex dialogs and linguistic phe-
nomena.

The corpus also enabled us to establish the rel-
evant and significant features of tutorial dialogs in
the mathematical domain and to investigate the re-
lationships between different knowledge sources in
our scenario. In particular, we concentrated on
the use of the mathematical domain knowledge in
dialog interpretation and management, and in the
underlying mathematical proof assistant system.
We identified cases of the use of natural language
which pose interesting challenges for the process-
ing of domain-specific knowledge and for the in-
terface between the dialog manager and the MPA.
These include the natural language references to



logical concepts, the embedding of formal expres-
sions within natural language ones, and the way in-
ference steps are described in natural language, all
of these are now being implemented in our repre-
sentation language.

In the next stages of the project, we will con-
tinue to investigate the interaction between various
components in our system architecture and the de-
mands on user modeling that emerge in this setting
and gradually implement the still missing system
components.
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